In this paper, we firstly introduce a new fuzzy-valued probability by proposed gradual Hausdorff metric and discuss its structural characterizations. And then, we obtain the weak law of large numbers for gradual random variables with respect to the fuzzy probability.
Introduction
The concept of fuzzy set was introduced by Zadeh in 1965. After that, many applications of fuzzy sets have been developed. Among them, the topic of fuzzy-valued measures has received much attention because of its usefulness in several applied fields like mathematical economics and optimal control. The fuzzy-valued measure as a natural generalization of set-valued (or multivalued) measure is considered. Significant contributions in this area were made by Stojaković [3] [4] [5] , Xue and Ha [6] , Wu, Xue and Wu [7] , Zhou [9] etc. In particular, by gradual Hausdorff metric, the authors [12] introduced a new fuzzy-valued additive measure and discussed its properties. This paper is a continuity of [12] . We firstly introduce a new fuzzy-valued additive probability measure. And then, we give the expected value of gradual random variables on the new fuzzy-valued probability space and obtain weak law of large numbers for gradual random variables with respect to the new fuzzy probability measure.
The organization of the paper is as follows. In Section 2, we state some basic results about gradual numbers, fuzzy numbers and gradual Hausdorff metric. In Section 3, we firstly introduce the concept of fuzzy-valued probability. The new fuzzy-valued probability can be characterized by two gradual numbervalued probabilities. By virtue of this property, we prove the finite additivity and monotonicity of the new fuzzy-valued probability which are similar to the classical probability and discuss its structural characterizations. Finally, we obtain weak law of large numbers for gradual random variables with respect to the fuzzy probability measure.
Preliminaries
In this section, we state some basic results about gradual numbers, fuzzy numbers and gradual Hausdorff metrics.
Definition 2.1. [1] A gradual numberr is defined by an assignment function
Naturally a nonnegative gradual number is defined by its assignment function from (0, 1] to [0, +∞).
In the sequel,r(α) may be substituted for Ar(α). The set of all gradual numbers (resp. nonnegative gradual numbers) is denoted by R(I) (resp. R * (I)). A crisp element b ∈ R has its own assignment functionb : (0, 1] → R defined byb(α) = b for each α ∈ (0, 1]. We call such elements in R(I) constant gradual numbers. In particular,0 (resp.1) denotes constant gradual number defined by0(α) = 0 (resp.1(α) = 1) for all α ∈ (0, 1]. In fact, for eachR ∈ G c (R), it is a mapping from (0, 1] to K c (R), where K c (R) denotes the class of all nonempty compact intervals of R.
A fuzzy number is a normal, convex, upper semicontinuous and compactly supported fuzzy set on R. In the sequel, let Note that the boundaries of conventional intervals are real numbers, the boundaries of fuzzy numbers are gradual numbers. Thus, in the same way, we can define relation, sum and scalar multiplication on the space of fuzzy numbers as follows:
Definition 2.3.
[10] A mappingξ : Ω → R(I) is said to be a gradual random variable associated with a measurable space (Ω, A ) if and only if for each α ∈ (0, 1], the real-valued functionξ α : Ω → R, defined bỹ
is a classical random variable associated with (Ω, A ).
We calld H gradual Hausdorff metric on F c (R). In particular, we define Ã = d H (Ã,0) = max{|ã − |, |ã + |}, where0 is the fuzzy number {0}.
i the partial sum of sequence {Ã n } n∈N . If the sequence {S n } n∈N converges with respect tõ d H , then the infinite sum ∞ n=1Ã n of sequence {Ã n } n∈N is said to be convergent and we also write 
The second condition is called countable additivity of the gradual probability measureπ and we say that (Ω, A ,π) is a gradual probability space.
All concepts and results not given in this paper may be found in [1,2,9-11].
Main Results
In this section, we introduce the concept of fuzzy probability measures by means of gradual Hausdorff metric. And then we present the concept of expectation of gradual random variables with respect to fuzzy probability measures. Finally, we obtain weak law of large numbers in this framework. (3)Π(Ω) = {1} =1. We say that (Ω, A ,Π) is a fuzzy probability space.
The following theorem presents a characterization of the fuzzy probability measure and shows that a fuzzy probability measure can be constructed by means of two gradual probability measures. It is easy to see thatπ − andπ + satisfy conditions (1), (2) and (3). In the following, we prove thatπ − andπ + are two gradual probabilities. SinceΠ(∅) = 0,π
According to Theorem 3.9 [11] , we havẽ
Finally, it is easy to see thatπ
. On the contrary, we prove the sufficiency. Suppose thatπ − andπ + are gradual probability measures. According to conditions (1), (2) and (3), we obtain that for each A ∈ A ,Π(A) ∈ F c ([0, 1]). In the following, we prove thatΠ is a fuzzy probability. Sinceπ − andπ + are gradual probabilities,
+ (A i ). Also, according to Theorem 3.9 [11] , we havẽ
immediately. In the following, we denoteΠ = [π − ,π + ] and for any A ∈ A , we havẽ
Theorem 3.3. Let (Ω, A ,Π) be a fuzzy probability space and A, B ∈ A .
Proof.
(1) Suppose that A ∩ B = ∅. According to Theorem 3.2 [10] ,
=Π ( To come up with laws of large numbers for gradual random variables with respect to a fuzzy probability measure, we define the expected value of gradual random variables on the fuzzy probability space as follows: Definition 3.4. Letξ be a gradual random variable defined on a fuzzy probability space (Ω, A ,Π). If the expected values Eπ−(ξ) and Eπ+(ξ) ofξ exist, then we call that the expected valued EΠ(ξ) ofξ exists and is the unique gradual interval defined by
Theorem 3.5. Letξ,η be gradual random variables on a fuzzy probability space (Ω, A ,Π). Then 1. EΠ(r) = {r}, wherer denote the gradual random variable which have the same outcomesr for all ω ∈ Ω, i.e.,r(ω) =r, ∀ω ∈ Ω;
2. for any γ, λ > 0 in R, EΠ(γξ + λη) = γEΠ(ξ) ⊕ λEΠ (η) .
Proof. 
Definition 3.6. Let {ξ n } n∈N be a sequence of gradual random variables on a fuzzy probability space (Ω, A ,Π). {ξ n } n∈N is called independent and identically distributed if it is independent and identically distributed with respect to (Ω, A ,π − ) and (Ω, A ,π + ), respectively.
In the following, we come up with weak laws of large numbers for gradual random variables on fuzzy probability spaces. Firstly, we introduce distance between the gradual number and gradual interval as follows: Note that this distance is not related to the gradual Hausdorff distance in a meaningful way. IfÃ is a single gradual number set {s}, thend(r, {s}) = |r−s| sod extends the distance between two gradual numbers. Ifr andÃ degenerate into real number and crisp interval respectively, thend extends the distance from a point to a set. Theorem 3.8. Let {ξ n } n∈N be a sequence of independent and identically distributed gradual random variables defined on the fuzzy probability space (Ω, A ,Π). Suppose thatξ i (i = 1, 2, . . .) have the same expected value, then for any gradual numberε 0 , we have 
